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AbItraet-An clastic-plastic strain-hardening solid in a quasi-static stale of finite ddormation is considered.
A new, ICDCrai variational principle is establilhcd for the boundary-value problem in which incremental dis­
placements arc prescribed on one portion or the boundary surface of a body and increments of nominal traction
arc prescribed on the remaining portion. Both Eulerian and Lagrangian formulations of this acncrai variational
principle arc given. It is shown that certain cxtremum principles due to Hill [11, 12) and Murphy and Lee (20)
may be considered as special cases of the newly established variational theorem. It is also illustrated how this
variational principle may be applied to obtain an approximate solution for the problem of clastic-plastic torsion
of circular bars with variable diameter.

1. INTRODUcnON

IN A series of well-known papers [1-4], Reissner has presented a general variational theorem
for stresses and displacements which provides the starting point for the derivation of
specialized extremum principles in elasticity. The classical principles of minimum potential
and maximum complementary energies, for example, may be considered as special cases
of his general theorem.

Reissner's theorem is such that both equilibrium equations and stress-strain relations
are Euler equations of the variational problem while boundary conditions for stresses as
well as displacements are natural (Euler) boundary conditions. In view ofthe direct methods
of the calculus of variations, Reissner's principle thus provides a useful basis which permits
independent selection of both the stress distributions and displacement fields in the
approximate solution of specific boundary-value problems in elasticity [5, 6). Reissner has
also shown that his general variational principle can be applied to establish the appropriate
field equations for the theory of plates [1, 2] and shells [7], which represents a two-dimen­
sional approximation of a three-dimensional theory.

Typical problems in plasticity often involve changes in geometry that cannot be
neglected. The analysis of such problems generally requires the formulation of the proper
incremental or "rate problem", for infinitesimal deformation superimposed on finite
deformation. This boundary-value problem involving rates of stress, velocities and pre­
scribed rates of surface traction can then be solved in an incremental manner to furnish
a step-wise solution to the equilibrium behaviour of the body. For rigid-plastic solids,
rate formulations have been employed by Onat [8], Onat and Shu [9] and Batterman [10).
More general, elastic-plastic bodies have been considered by Hill [11, 12] who also

t Assistant Professor.

865



866 KBNNETH W. NEALE

established a uniqueness criterion for the solution of the rate problem and developed
extremum principles characterizing the unique solution.

In this paper, a general variational principle for the rate boundary*value problem is
presented for elastic-plastic strain-hardening solids. The theorem is in terms of stress rates
(or increments) and velocities and is such that the rate equations ofequilibrium as well as the
constitutive relations are Euler (differential) equations of the variational principle and all
boundary conditions for traction rates and velocities are the natural boundary conditions.
Consequently, this variational theorem for finite deformations of elastic-plastic bodies
represents a generalization of Reissner's principle in classical elasticity. Both Eulerian and
Lagrangian formulations of the newly established variational theorem are given-the
latter formulation often being more convenient for the solution of certain boundary-value
problems in solid mechanics.

As an alternative formulation of the rate problem, the proposed variational principle
has distinct advantages. It may be applied in conjunction with an incremental Ritz technique
for the approximate solution of given elastic-plastic boundary-value problems involving
finite deformations; or the theorem may be used to generate the proper systems of field
equations for certain one- and two-dimensional approximations to the general theory.
As an example ofapplication, it is shown how the variational theorem may be applied to the
problem of elastic-plastic torsion of circular bars of variable diameter.

2. EULERIAN FORMULATION OF THE RATE PROBLEM

For the case of finite deformations a distinction must be made between the original and
deformed configurations ofthe continuum. Consequently two descriptions may beemployed
to define the relevant variables and to formulate the fundamental field equations [13, 14J­
the Lagrangian or the Eulerian description referring to the original (undeformed) or the
current (deformed) configuration of the body, respectively. Since constitutive relations for
elastic-plastic solids are generally expressed in terms of a "true" stress tensor and rate-of­
deformation tensor [11, 12, 15, 16], Eulerian variables are employed in the (ollowing
formulation of the rate problem.

A general curvilinear coordinate system (j is taken as the reference frame. Before
deformation a typical particle of the body has initial (Lagrangian) coordinates ai with
respect to the coordinate system Oi. In its current state of deformation, the (Eulerian)
coordinates of the particle with respect to the same reference system are denoted by -t.
Subsequent deformation of the body from its current configuration can be described by the
rate-of-deformation tensor and rate-of-rotation tensor given, respectively, by

and

t··::= .l[v. .+v.JIJ 2' I.J J. (la)

(lb)

where Vi are the covariant components of the velocity vector and the comma denotes
covariant differentiation with respect to the coordinates Xi.

The equations of equilibrium for the current stress distribution are

(1~l+pji = 0 (2)
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in which qij represents the contravariant components of the true (Eulerian) stress tensor,
p is the density of the material in its current configuration and Ii are the components of
the specific body force. In rate form the equations for continuing (incremental) equilibrium
become

(3)

where the dot denotes the material derivative [13J; i.e. the rate of change following the
element.

For the development of the proposed variational theorem, it is convenient to express
the rate equation of equilibrium (3) as follows [11, 12J

s:1+pfi=o (4)

where

(5)

represents a "nominal" stress-rate tensor (unsymmetrical) based on the current configura­
tion such that the rate of nominal traction on an element of area dS of the deformed body
is given by

(6)

in which nj are the components of the unit normal of the element in its current (deformed)
configuration. Consequently, the rate of loading on this element of area becomes

d/'i = pi dS = l'I~i dS. (7)

For the current configuration of equilibrium, it is supposed that the stress distribution,
state of deformation and material parameters have already been determined. In the theory
of elastic-plastic solids, the typical boundary-value problem consists of determining the
increments or rates of change of these quantities when the velocity field is prescribed on
part of the current boundary surface 5." the nominal traction rates are prescribed on the
remainder SF and the body force rates are prescribed in the volume V. Thus the boundary
conditions of the rate problem are

pi = njstJ = P1* on SF

where an asterisk denotes a prescribed quantity.

(8)

(9)

3. CONS~RELATIONS
The constitutive law for an elastic-plastic solid is generally expressed as a relation

between the rate-of-deformation tensor and a stress-rate tensor. An objective stress rate
which vanishes under rigid-body rotation must be employed. The Jaumann derivative [13}
of the Kirchhoff stress tensor based on the current configuration, given by [12]

(lOa)
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where

D(flj .. 'L' L"

-- = iT'} - (f'''wt. - (f"JW:'
Dt

(lOb)

satisfies this requirement since it is associated with axes rotating with the material element
but not deforming with it. Since the vanishing of this stress rate also implies that the
invariants of the true stress tensor and deviatoric stress components are stationary [15, 16],
it is preferable to employ Jaumann's definition of stress rate in the constitutive equations of
plasticity.

The classical strain-hardening elastic-plastic solid, as generalized by Hill [11, 12] has
the following constitutive law

D Ij
't _ Kljkl(' 'P)

- - Old-Ski
Dr

(lla)

where

(llb)

DrY
whenm ..- > 0

IJ Dt

... ::;; O.

In these relations K ijld are elastic moduli (symmetric with respect to all indices), afJ represents
the plastic part of the rate~of-deformation tensor, h is a positive scalar measure of the
current rate of hardening and mil are components of the outward normal to the current
yield surface in six-dimensional stress space. From (Ila) and (lIb) the constitutive relation
becomes

This constitutive law can also be expressed in the form [11]

(13)

where

1 ,.
E(v) = -SIJV ..2 i.1-

1 In ij • Ij'k • 1 Ij. .k.== - -/;..-(f £I&,·+-(f v:,Vt }2 Dt IJ "J 2 .. (14)

( (5)

is expressed as a homogeneous potential function of degree two in the velocity gradients
by means of (l4b) and the constitutive equation (12). The (unique) inverse of (13) becomes

oE(s)
V··=-.-.

}oj OSIJ
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where the potential E(s) is expressed in terms of nominal stress-rate components through
the Legendre transformation

(16)

This particular form of the constitutive relation also implies that certain other stress rates
and strain rates (e.g. iii and DtiijDt) are derivable from potentials [12J. However, although
S;il is non-symmetric, it is convenient to employ this stress rate in order to facilitate the initial
formulation of the proposed general variational principle. In view of the relations (5), (10)
and (14) it is evident that subsequent formulations ofthe theorem will be obtainable in terms
of the symmetric stress rates b ij or DtijjDt.

4. GENERAL VARIATIONAL THEOREM

The analysis of finite deformations of elastic-plastic solids usually consists of trying to
obtain the states of stress and strain in a given body as functions of a prescribed load and
deformation history. For some relatively simple boundary-value problems, such as bodies
in homogeneous states of stress, these relationships are readily obtained by solving the
equations of equilibrium (2) in conjunction with the constitutive relations and boundary
conditions. However, to determine the deformation behaviour for more complex elastic­
plastic boundary-value problems one may resort to an incremental solution ofthe following
system of rate equations

st,1 +pJi ::; 0 in V

oE(s) 'ij oE(v) l'n V
Vj . ::; -'-j or s =--.• as' o(vj )

sUQject to the prescribed boundary conditions

(17)

(18)

(19)

(20)

The formulation of these equations in terms of the nominal stress-rate tensor sij has
certain advantages. In addition to providing a concise form for the theory which takes
finite deformations into aecount, the equations are analogous in form to the field equations
ofclassical elasticity or to those characterizinga hyperelastic solid at finite deformation [14J.
This immediately suggests that an equivalent variational formulation, similar to Reissner's
theorem in elasticity, may be obtained for the rate problem. Consequently, guided by
Reissner's principle we construct the following functional

1= f [Siivl.i-pjivj-E(s)] dV- J FJ"vjdS- f Fi(vj-vj)dS (21)
Jv SF s.

and state the following theorem: the variational problem whkh has the differential
equations (17) and (18) as Euler equations and the boundary conditions (19) and (20) as
natural boundary conditions is the problem

M=O. (22)
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For arbitrary variations of sl} and vi' bPi = ni bsii is also arbitrary and the variation
of I becomes

6I = J. [sl} b(v ..)+v .. bsii_p'.fi bv.-bE(s)J dV - f pi' Jv. dSJ,I J,I '1 J }
V SF

-f PibvidS- f. bPi(vi-vj)dS.
Sv Sv

From the relations

and the following transformation due to the divergence theorem of Gauss

Iv SI}(bVi),i d V = - Iv s~f bVJd V+ Is pi bVi dS

the above expression becomes

(23)

J. [( JE(S»).. .. .I' ]M = y Vi,i - osl} bs'J -(s:f +Pl J) bVi dV

+ f (Pi_Pi')bVidS- f. bpi(vi-vj)dS (24)
SF Sv

which shows that the Euler equations of the variational problem are equations (17H20).
Conversely, the solution of the rate problem is such that I is stationary in the class of
continuous stress-rate and velocity fields.

In view of the Legendre transformation (16) equation (21) can be written as

I = r [E(v) - p/ivj] d V - f PJ*vj dS - f Pi(vJ- vn dS (25)
Jv SF Sv

whereas a transformation similar to (23) gives the following expression for I

I = - r [(s~f +pJi)Vi +E(s)] d V+ f (pj - pi')Vi dS + f Pivj dS. (26)
Jv SF Sv

If the admissible velocity fields are restricted to take the prescribed values (19) on Sv.
then from (25)

I =:J(v) = r [E(V)-P/jVj]dV-f. PJ*vjdS. (27)
Jv SF

Similarly, for stress-rate distributions satisfying equilibrium (17) in V and the prescribed
boundary conditions (20) on SF' equation (26) gives

I=: G(s) = f. tivj dS- f E(s)dV.
sv y

(28)

Hill [12] has shown that when the solution to the (rate) boundary-value problem is unique,
the functional J(v) is an absolute minimum and G(s) is an absolute maximum for the actual
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solution. These extremum principles, which are analogous to the potential energy and
complementary energy principles in elasticity for an added state of stress and strain,
can thus be considered to be consequences of the general variational theorem. They also
indicate that any kinematically admissible velocity field satisfying (19) furnishes an upper
bound to the functional 1, whereas any statically admissible stress-rate distribution
[satisfying equations (17) and (20)] furnishes a lower bound.

The relationships between the various stress rates [e.g. equations (5), (10) and (14»)
can now be employed to furnish alternative expressions of the general variational theorem
and corresponding extremum principles. For example, the functional (25) can be written
as

where the potential

1 DTij

H(e) = --e··
2 Dt 'J

(29)

(30)

is expressed as a homogeneous function of degree two in the strain-rate components by
means of the constitutive law (12).

5. APPLICATION OF mE THEOREM

To iUustrate an application of the theorem, consider the problem of a circular bar of
variable diameter fixed at one end and twisted axially by a couple applied at the other end.
The bar has the form ofa body of revolution, the axis of the bar coincides with the z-axis and
polar coordinates r ande are used for defining the position of an element in the plane of a
cross-section. The end z = 0 of the bar is fixed, the lateral surface is free from external
forces while the end z = c is free from normal stress and subjected to a prescribed twisting
couple M*. Although elastic solutions are available [17] for a number of specific contours,
there appears to be no specific contour for which the complete analytic elastic-plastic
solution is known.Asa result, numerical techniques have been employed to obtain approxi­
mate solutions to the problems of elastic-plastic torsion of circular bars of variable
diameter [18J.

An analysis for an isotropic elastic material (17] indicates that during twist, the particles
move only in tangential directions such that transverse sections of the bar remain plane and
circular, but radii of an undeformed transverse section become curved after deformation.
The only non-zero stresses in this case are (111:' (J r6 and because of symmetry all variables are
independent of the angle 8. As an approximation for an isotropic elastic-plastic solid,
it is now assumed that the same deformation mode can be used to describe each increment
of elastic-plastic deformation such that for each current configuration

v, = v: = 0, VIJ = v(r, z)

(31)

(32)
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(35a)

where physical components [14] of thestress tensor and velocity vector have been employed.
As a result of these assumptions and equations (5), (6) the functional corresponding to

(21) becomes, for each current configuration

1= f f [o-rlI(~~-;) +0-8:~: -£(S)}drdz- ~:cu:.vrdr+ f.",o u8:vrdr (33)

where

M* =f~"c'F: dS = 21< i"c r
2
0-:. dr (34)

and the potential function £(s) is expressed in terms of stress-rate components through
the particular constitutive law.

For an isotropic solid characterized by linear elastic behaviour combined with isotropic­
hardening and a von-Mises dissipative potential, the inverse form of the constitutive
relation (11) becomes, in terms of physical components

. 1+v Dri ) v _ Drkk IX Drkl
8ij = E Dt -EOij Dt +hmijmkl Dt

where

and

!
Dr··

1when mij D'J > 0
(X = t

o '" sO
(35b)

(35c)

In these expressions, E and v are, respectively, the modulus of elasticity and Poisson's
ratio, Olj denotes the Kronecker delta and O';j is the deviatoric stress tensor. Consequently,
the potential function to be used in (33) is in this case given by

(36)

in which

l+v 2:z
a tl = --+iX-O'r6

E h

(37)

The variational theorem states that I is stationary for the solution to the above rate
problem. Hence, by (independently) choosing suitable expressions for v, Urll and (;9: the
method of Ritz can be applied to furnish an approximate solution for these rate or incre­
mental quantities; and, the entire history of stress and deformation can be obtained by
solving this rate problem at successive increments of time.
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6. LAGRANGIAN FORMULAnONS OF THE THEOREM

873

Eulerian variables were employed in the foregoing formulation of the rate problem
and corresponding variational principle because constitutive equations in plasticity are
generally expressed in terms of these variables. However, it is often preferable in solid
mechanics to express the relevant field equations using Lagrangian variables, since the
initial (undeformed) configuration of the continuum is employed as a reference in the
Lagrangian description [13, 14]. This can be achieved by formulating the constitutive
law in terms of Lagrangian variables instead of Eulerian variables, as was done in [19, 20].

Using this approach the field equations corresponding to the rate boundary-value
problem (17H20) become:
the rate of equilibrium in the form

S~li +Pol~ = 0 in Vo (38)

a constitutive law, postulated as

oU(s)
v'I'=--

J I os~
(39)

and the following boundary conditions

v· = v~ on SOJ J v

Pt = n?~~ = p~. on~.

(4Q)

(41)

(43)

In these equations an index 0 implies that the particular quantity is with reference to an
element of the continuum in its original configuration. The vertical bar denotes covariant
differentiation with respect to the initial coordinates ai

; sid refers to the (unsymmetrical)
Lagrangian stress tensor, and the material derivative in this description is obtained by
partial differentiation with respect to time. It is postulated that U(v) be a homogeneous
potential function of degree two in the velocity gradients Vjli depending on the current
state of stress and possibly also on the entire strain history; such that the potential U(s) can
be expressed in terms of Lagrangian stress-rate components through the Legendre
transformation

U(s) + U(v) = S~Vjli' (42)

A variational formulation for these rate equations involving Lagrangian variables,
analogous to (21) becomes

of" I' f. ....r 0 f."" • 01 = [S'dVjli-PO ~Vj-U(s)]dVo- rovjdS - rMvj-vj)dS

~ ~"

and the solution of the rate problem is such that 10 is stationary in the class of continuous
Lagrangian stress-rate and velocity fields. That is, the variational equation

(44)

renders the system of differential equations (38H41).
As indicated above, the Lagrangian stress tensor is non-symmetric. For practical

applications, to shell problems for example, it is perhaps more convenient to employ
relations which are expressed in terms of symmetric tensors. In the Lagrangian description
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the appropriate variables are the Kirchhoff stress tensor rij and Green's strain tensor Eij

given respectively by [13, 14J

s~ = r ij + riku(k

Eij = t[uiU+Ujli +ukliUtJ

(45)

(46)

in which Ui are the components of the displacement vector (from the initial configuration).
As a result of these relations the following rate quantities are readily obtained

s~ = iij + iikU{k + rikv(k

. .. 1 k k
EIJ = I[ViU +Viii +VkliUU +UkliVU].

(47)

(48)

Using these variables, the equations of equilibrium (2) and surface tractions can be
expressed as [13, 14]

(rij + riku{k)li +Pofb= 0

Fb = n?(rij + rikuM

The rate equations thus become

(ii
j+ iikU(k + rik!!fk)li +Po!b= 0

Fb = n?Wj + iikU{k +rikv{k)

(49)

(50)

(51)

(52)

which follow simply from (49) and (50) or alternatively, can be derived from a substitution
of (47) into (38) and (41).

From (47) and (48), the following relationship is obtained

(53)

Consequently, it can be shown that the constitutive law (39) can also be expressed as
follows

where

. aW(i)
Eij = Oi/j

.. aW(v)
ori'} =--atu

(54)

and

W = tiijt ..
IJ

W(V) + W(i) = iijtij.

(55a)

(55b)

(56)

(57)

That is, if the Lagrangian stress rate s~ and velocity gradients Vjli are derivable from
(rate) potential functions, then Kirchhoff's stress rate iij and Green's strain rate Eij are
also derivable from rate potentials.

In view of (53) and (55b) the functional (43) becomes, in the absence of body force

/0 = f. [iijEij+trijvfiVtli- W(i)J dVo
Vo

- r F-{;vjdSO
- r Fb(vj-vj)dSo.

Js'J, JSlJ
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(58)

Stationarity of this functional for arbitrary variations of vi and iii produces the rate
equations of equilibrium (51) and constitutive law (54) as Euler equations, whereas the
boundary conditions of the rate problem (52) and (40) become the natural boundary
conditions of the variational equation (44).

If admissible velocity fields are restricted to satisfy the prescribed boundary conditions
(40), then from (56) and (57)

o 0 5 1 "k 1 .,.... 0I == J (v) = [W(v)+tt')VliVkIiJ dVo- rbVj dS
Vo s~

which is identical to the functional employed in a recent extremum principle developed by
Murphy and Lee [20J.

For statically admissible stress-rate and velocity distributions, i.e. both satisfying rate
equilibrium (51) in Vo and prescribed boundary conditions on S~, equation (57) and a
transformation analogous to (23) gives the complementary to (58):

10 == GO(i,v) = r FbvjdSO
- r [ttijvtivkli+W(i)JdVo' (59)JS2 Jvo

Murphy and Lee's extremum principle indicates that any velocity field satisfying (40)
furnishes an upper bound to the value of 10 for the actual solution. However, in view of the
coupling between iii and Vi in equations (51) and (52), these stress rates and velocity fields
cannot be selected independently in the construction of lower bounds GO. Nevertheless,
the stationarity principle (44) in conjunction with the expression (57) permits independent
selection of iii and Vj in the approximate solution of given elastic-plastic boundary-value
problems involving finite deformations. In addition, this general variational principle
forms a basis which provides in a consistent manner the relevant field equations for finite
deformations of elastic-plastic shells, or other approximations to the three-dimensional
theory.
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A6c:Tplucr-PaccMaTpKBaCTCIi ynpyronnaCTH'lCCKOe TBCpl10e TeJlO, ynpO'lHeHHOC Hanpll)l(eHHeM B

KBa3KCTaTH'lCCXOM COCTOllHKK xOHe'lllol llClPoPMauHK. PaJaMK HOltWl. 06wHA BaPKaUMOHHIoI.A npHHllHII

BOlIpoca rpaHH'lHoro 3Ha'lCHHlI a XOTOpoM Ha OI1HOH 'laCTH rpaHH'lHOA noaepxHOCTK Tena npemonaraCTCli
npKpocT Cl1aHra a Ha OCT8nIoHOA-npHpocT HOMKHanloHoro TllrOlOrO yCHnKIi • .LJ;alOTcli KHKCTK'ICCKHC

nOTCHUHanw UK 3Ancpa, TaK H JIarpaHQ Mil noro aapHaUHOHHoro npMHUHlIa. HawnK, 'ITO HCXOTophie

IIPHHUKIIW JKCTPCMyM npMnHC.ltlaaCMWC XHJlJJY [11,12), MYPCPH H JIK [20) MOlleHO C'lHTaTIo CneUH8nIoHIoIMH

cnY'lallMK HCJlaaHO nopolleJICHHOA aapHuaMoHHoA TCOpeMW. TaIClIee HawnH. 'ITO nOT aapHaUKOHHIoIA

npHHUHn MOlleHO npKMcKlITIo Mil nOJlY'ICHMII npK6J1K'lHTeJlIoHoro pa1peweHKII 8Onpoca CKpY'lHBaHHII

3J1aCTOnnaCTH'ICCKHX npyTKoB KpyrJloro CC'lCHHII.


